
= 𝐴1𝐵1 + 𝐴1𝐵2 + 𝐴2𝐵3 𝑥

𝐴 𝑥 𝐵 𝑥 = 𝐴1 + 𝐴2𝑥 + 𝐴3𝑥
2 𝐵1𝑥

2 + 𝐵2𝑥 + 𝐵3

+ 𝐴2𝐵1 + 𝐴3𝐵2 𝑥3 + 𝐴3𝐵1𝑥
4

+ 𝑨𝟏𝑩𝟏 + 𝑨𝟐𝑩𝟐 + 𝑨𝟑𝑩𝟑 𝑥2 Approx. Rec, 𝑅1 = 3

Exact. Rec, 𝑅 = 5

𝑃(𝑥) ≅ 𝐴 𝑥 𝐵 𝑥

In this project, we combine ideas of approximate and coded computing to

further accelerate computation. We develop two successive approximated

coding (SAC) methods, each produces a sequence of increasingly accurate

approximations of the desired computation as more and more workers report

in. SAC guarantees exact recovery upon completion of a sufficient number of

workers. We theoretically provide design guidelines for our SAC methods, and

numerically show that SAC achieves a better accuracy-speed tradeoff in

comparison with previous methods.
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Accuracy-Speed Tradeoff via Approximation

Successive Approximated Coding (SAC)

Goal: Compute 𝐶 = 𝐴𝐵, 𝐴 ∈ ℝ 𝑁𝑥×𝑁𝑧 , 𝐵 ∈ ℝ 𝑁𝑧×𝑁𝑦 across 𝑁 workers.

Method: Distributed coded matrix multiplication to mitigate stragglers.

• Encoding via polynomial basis : 𝑇𝑘(𝑥) 𝑘=1:𝐾 , 𝐾 = 2.

• Decoding via polynomial basis 𝑄𝑟(𝑥) 𝑟=1:𝑅to recover 𝐶𝑟 𝑟=1:𝑅 , 𝑅 = 3.

𝑄1(𝑥𝑖1) 𝑄2(𝑥𝑖1) 𝑄3(𝑥𝑖1)

𝑄1(𝑥𝑖2) 𝑄2(𝑥𝑖2) 𝑄3(𝑥𝑖2)

𝑄1(𝑥𝑖3) 𝑄2(𝑥𝑖3) 𝑄3(𝑥𝑖3)

𝐶1
𝐶2
𝐶3

=

𝐴 𝑥𝑖1 𝐵(𝑥𝑖1)

𝐴 𝑥𝑖2 𝐵(𝑥𝑖2)

𝐴 𝑥𝑖3 𝐵(𝑥𝑖3)

• Post decoding (not always needed): C = σ𝑘=1
𝐾 𝛼𝑘 𝐴 𝑦𝑘 𝐵 𝑦𝑘 . 𝒴 = 𝑦𝑘 𝑘

Exp. MatDot (MD) OrthoMD (OMD) Lagrange (Lag)

Basis Monomial Orthonormal Lagrange

𝐴(𝑥) 𝐴1𝑇1 𝑥 + 𝐴2𝑇2 𝑥

𝐵(𝑥) 𝐵1𝑇2 𝑥 + 𝐵2𝑇1 𝑥 𝐵1𝑇1 𝑥 + 𝐵2𝑇2 𝑥

Goal: Extend single-layer approximation of 𝜀AMD to SAC.

Proposed Method 1) Group-wise SAC (G-SAC)

• ~𝑅 approximation layers, 𝐷 groups of Approx. layers.

• Exp 1) Two-group SAC, 𝐷 = 2, 𝐾𝑑 ∈ 2, 1
• Idea: Carefully re-order the coefficients of the encoding polynomials.

• Exp 2) Multi-group SAC, 𝐷 = 3,𝐾𝑑 ∈ 1,1,1 .
• Idea: In analogy with discrete Conv., inject delays amongst coefficients of

encoding polynomials to avoid interference b/w them.

Benchmark: 𝜀−approximate MatDot (𝜀AMD) [Jeong et al].

• Idea: Evaluate 𝐴(𝑥)𝐵(𝑥) at sufficiently small points x ∈ xn n=1:N.

• Exp) 𝐾 = 3,

Proposed Method 2) Layer-wise SAC (L-SAC)

• Apply SAC to the codes that require post-decoding, (e.g., OMD, Lag).

• Evaluate 𝐴 𝑥 𝐵(𝑥) at points 𝑥 ∈ 𝒳𝑆𝐴𝐶 , distinct from that of OMD and Lag.

• Idea: (1) Divide 𝒳𝑆𝐴𝐶 to 𝐾 disjoint splits, e.g., 𝑦𝑘,𝑖 k∈ 𝐾 ,𝑖∈[𝑁/𝐾]
.

(2) Set 𝑦𝑘,𝑖 in split 𝑘 to be “𝜀 −close” to 𝑦𝑘 ∈ 𝒴.

⟹ successively recover the terms that make up C = σ𝑘=1
𝐾 𝛼𝑘 𝐴 𝑦𝑘 𝐵 𝑦𝑘 .

• Exp) 𝐾 = 3

Source of errors: 𝑪 − ෩𝑪𝒏 𝑭

𝟐
≤ 𝑪 − 𝑪𝒏 𝑭

𝟐+ 𝑪𝒏 − ෩𝑪𝒏 𝑭

𝟐

Setting:

• N = 40, 𝐾 = 8, 𝐴𝑘 ∈ ℝ
100×1000 and Bk ∈ ℝ

1000×100 ~𝒩(0,1).

• MMD: (30,6) MD code for σ𝑘=1
6 𝐴𝑘𝐵𝑘 and (10,2) MD code for σ𝑘=7

8 𝐴𝑘𝐵𝑘

• G-SAC: D=2, 𝐾𝑑 ∈ 6,2 + 𝐾𝑑 ∈ 8,0 ,𝒳𝑐𝑜𝑚𝑝𝑙𝑒𝑥 = 0.15𝑒
𝑖2𝜋𝑛

𝑁 𝑛=1

𝑁

.

• L-SAC via OMD: 𝑦𝑘,𝑖 𝜀-close to 𝜇𝑘
8 ,𝑐ℎ𝑒𝑏𝑦

. 𝜀 ∈ {5 × 10−4, 0}.

• Fig 2: L-SAC via Lag: 𝑦𝑘,𝑖 𝜀-close to 𝑘. 𝜀 = 3.33 × 10−2.

• Fig 2: 𝐴𝑘 = 𝜆𝐴(0) + 𝐴𝑘
(1)

and 𝐵𝑘 = 𝜆𝐵(0) + 𝐵𝑘
(1)
. A(0), … , Bk

(1)
~𝒩(0,1).

Takeaways:

• G-SAC (𝐾1 = 8) similar to 𝜀AMD upto 𝑛 = 8, improve in estimate as 𝑛 ↑.

• G-SAC (𝐾1 = 6) earlier estimates since 𝑛 = 6, better estimates 𝑛 ≥ 14.

• L-SAC via OMD continuous improvement since 𝑛 = 1.

• When 𝜀 = 0, slightly better estimation, but wait longer for exact recovery.

• Fig 2: even for 𝑛 = 8, G-SAC & L-SAC better estimates than 𝜀AMD if

highly correlated (𝜆 large) and parameters set optimally.

S. Kiani, and S. C. Draper, “Successive Approximation for Coded Matrix

Multiplication”, to be published at IEEE ISIT, June, 2022.

S. Kiani and S. C. Draper, “Successive Approximation for Coded Matrix

Multiplication”, submitted to IEEE JSAIT, (in review).
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Coded Computing Using Polynomial Bases

Matrix

Mult.

Data

Partition
Master:

Workers:

Encode Decode
Post

Decode

= 𝑨𝟏𝑩𝟏

𝐴 𝑥 𝐵 𝑥 = 𝐴1 + 𝐴2𝑥 + 𝐴3𝑥
3 𝐵3𝑥

3 + 𝐵2𝑥 + 𝐵1

+ 𝑨𝟐𝑩𝟐𝑥
2

+ 𝐴3𝐵1 + 𝐴1𝐵3 𝑥3

+ 𝐴2𝐵3 + 𝐴3𝐵2 𝑥4

+ 𝑨𝟑𝑩𝟑𝑥
6

+ 𝐴1𝐵2 + 𝐴2𝐵1 𝑥

𝑃6 𝑥
𝑅 = 7

𝑃1 𝑥
𝑅1 = 1 𝑃2 𝑥

𝑅2 = 2

⋱

Data partitioning Decoding

Encoding

𝐴(𝑥1), 𝐵(𝑥1) 𝐴(𝑥2), 𝐵(𝑥2) 𝐴(𝑥3), 𝐵(𝑥3)

(& Post decoding)

𝐖𝟑 𝐖𝟒

𝐴(𝑥4), 𝐵(𝑥4)

𝐴1 𝐴2
𝐵1
𝐵2

= 𝐴1𝐵2 + 𝑨𝟏𝑩𝟏 + 𝑨𝟐𝑩𝟐 𝑥

𝐴 𝑥 𝐵 𝑥 = 𝐴1 + 𝐴2𝑥 + 𝐴3𝑥
2 𝐵3𝑥

2 + 𝐵1𝑥 + 𝐵2

+ 𝐴1𝐵3 + 𝐴2𝐵1 + 𝐴3𝐵2 𝑥2

+ 𝐴2𝐵3 + 𝐴3𝐵1 𝑥3

+ 𝑨𝟑𝑩𝟑 𝑥4

𝑃1 𝑥
𝑅1 = 2 𝑃2 𝑥

𝑅2 = 3 𝑃3 𝑥
𝑅3 = 4 𝑃4 𝑥

𝑅 = 5

Simulation Results
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